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Coursework 6 — Solutions

Exercise* 1.
(a) Since
100 100
011 = 0 1 1|=1+#0,
1 0 1] R3—Ry |0 0 1
the three vectors are linearly independent.
(b) Suppose that
1 0 0 3 0
C1 0 + Co 1 + C3 1 + ¢y 2 = 0
1 0 1 1 0
The corresponding system
C1 + 3C4 =0
o + ¢c3 + 2¢4 = 0
C1 + ¢33 + ¢ = 0

is underdetermined, so it must have a nontrivial solution (cy, ¢y, c3,¢4)T # 0. Thus the four
vectors are linearly dependent.

[Not required, but instructive, and certainly not forbidden to be looked at: solving the system

above using Gaussian elimination the general solution is ¢4 = a, ¢3 = 2a, ¢ = —4a, and
c¢1 = —3a. So, for example choosing o = —1, gives the linear dependence relation
1 0 0 3 0
310 +4(1)-211]—-12]=160 ]
1 0 1 1 0
(c) Since
3 -2 2| Ri+Ry |4 1 5 R —Ry [0 00
1 3 3 = 1 3 3 = 1 3 3/=0,
4 1 5 4 1 5 4 1 5
the three vectors are linearly dependent.
(d) Suppose that
3 2 0
C1 -3 + Co 0 = 0
1 2 0
The corresponding linear system is
3C1 —+ 202 =0
—301 =0
C1 + 202 = 0

Equation 2 forces ¢; = 0. But then equation 1 (or 3) forces ¢ = 0, so the two vectors are
linearly independent.



Exercise* 2.

(a) False. The three vectors in R?*? are linearly dependent, because

(061G )=

This relation can be found by inspection, or, more systematically and also more laboriously,
by writing down a system of three equations in three unknowns, which turns out to have a
non-trivial solution.

(b) True. In order to see this, suppose that

c1p1 + P2 + c3p3 =0,
so, for all ¢
ci(1— %) + ot + c3(t +26°) = 0,

and thus, for all ¢
1+ (cy + es)t 4 (—cp + 2¢3)t2 = 0.

The polynomial on the left-hand side of the above equation will be the zero polynomial if and
only if all coefficients vanish, that is, the ¢; must satisfy the following system

C1 = 0
co + ¢z =0
—C —+ 203 = 0

Now equation 1 forces ¢; = 0. But then equation 3 forces c3 = 0, which finally forces ¢, = 0
using equation 2. Thus the three vectors are linearly independent.

Exercise* 3.

(a) Since {vy,...,v,} is a spanning set for V' and v is in V, there are scalars «q, ..., a, such
that
V=Q1V]+ -+ 0, Vy,.
Thus
avi+---+a,v, —v=0,
so 0 can be written as a linear combination of v, vy, ..., v,, with not all coefficients vanishing
(the coefficient of v is —1 # 0), so v, vy,..., Vv, are linearly dependent.

(b) By contradiction. Let vy,..., v, belinearly independent. Suppose to the contrary that {vs,...,v,}
is a spanning set for V. Since vy € V, by (a), the vectors vy, vy, ..., Vv, must be linearly de-
pendent, which is a contradiction. So the vectors vy, ..., v, cannot span V.

Exercise 4. Suppose that
ayr+ -+ ey, =0.

Then
C1AX) + -+ ¢, A%, =0,

o)
Alerxy + -+ epx,) = 0.

Since A is invertible, the above equation implies that
C1X1 + -+ Xy, =0.

But since x4, ...,x, are linearly independent, it follows that ¢; = ¢y = --- = ¢, = 0, so the vectors
Yi,--..,Yn are linearly independent.



Exercise* 5.

(a) The vectors are linearly independent, so we only need to check that they span R®. Thus, we

need to show that, given an arbitrary vector (a,b,c)” € R™, we can find a1, as, a3 such that

1 0 0 a
aq 0] + [6%) 1 + a3 1 = b
1 0 1 c

However, we already saw in Exercise 1 (a) that the coefficient matrix of the corresponding
3 X 3 system is nonsingular, so it must have a solution (a1, as, a3) for any choice of a, b, and
c. Thus the three vectors span R3, and hence they are a basis for R3, because they are also
linearly independent.

(b) Since the vectors are not linearly independent, they cannot form a basis for R?.

(c) Again, these vectors are not linearly independent, so they cannot be a basis for R3.

(d) The vectors are linearly independent. However, they do not form a basis for R?, since they do

not span R3. In order to see this, note that if (a,b,c)? is an arbitrary vector in R?, then we
cannot always find a; and «s such that

3 2 a
ap | =34+ |0 =1]b],
1 2 c

since the corresponding 3 x 2 system for o, a is overdetermined.
[In fact, using Gaussian elimination it is easy to see that (a,b,c)”
vectors if and only if 3a + 20 — 3¢ = 0.]

is in the span of the two

Exercise* 6. Since

r—2s 1 —2 0
r+s—t| 1 1 -1
5 =r 0 +s 1 +t 0 ,
t 0 0 1
=X =X2 =X3

the vectors X1, X, and x3 span S. If they are linearly independent, they will form a basis for S. In
order to check this suppose that

1 -2 0 0
1 1 -1 0
alol T2l 1T o | |o
0 0 1 0
The corresponding system is
ciT — 262 = 0
cT + ¢ — c3 = 0
Co = 0
C3 = 0

Equations 3 and 4 force ¢y = ¢3 = 0, while equation 1 (or 2) then implies that ¢; = 0 as well. Thus
X1, X2, X3 are linearly independent. Hence {x1, x5, x3} is a basis for S, so, in particular, dim S = 3.

Exercise* 7. A 2 x 2 matrix is symmetric if and only if it is of the form (a

But

b) for some a, b, c € R.
b c

a DY _ (L O) Ly (0 LY, (00
b )= "\o o 1 0)7 N0 1)
—_— = =



so Span (F1, Ey, E3) = S. Moreover, the vectors Ey, Es, E3 are linearly independent, since, if

10 01 00 00
Cl(o 0)“2(1 0)“3(0 1)_(0 0)’
C1 Co i 00
Cy C3 - 0 0 ’

so ¢; = cg = c3 = 0. Thus {E}, Es, E3} is a basis for S, so, in particular, dim S = 3.

then

Exercise 8. If p € P; has a zero at —1, then p must be of the form p(t) = (¢t + 1)(a + bt + ct?),
for some a,b,c € R. Thus

p(t) =a(t+1)+b(t+ 1)t +c(t + 1)t*.

If we now define

pi(t) = (t+1), paot) = (t+1)t, pst) = (t+ 1)t

then clearly Span (p1, p2, p3) = S. In order to check that p;, pa, p3 are linearly independent, suppose
that

c1p1 + cop2 + c3p3 = 0,

so, for all ¢
c(t+1)+e(t+ 1Dt +es(t+ 12 =0,

hence, for all ¢
c1+ (e +e)t+ (o +e3)t? +est> =0.
Thus
C1 =
c1 + ¢
co + C3
C3 = 0

Il
co o

which implies ¢; = ¢o = ¢3 = 0. Thus {p1, p2, P3} is a basis for S, and, in particular, dim S = 3.
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